ON THE INDEPENDENCE OF
PRINCIPAL MINORS OF DETERMINANTS*

BY

E. B. STOUFFER

INTRODUCTION

A principal minor, or coaxial minor, of a determinant A is a minor
obtained by striking out from A4 the same rows as columns. There are
2n—1 principal minors of a determinant of the nth order, the determinant
itself being included, but only #n>—mn 1 of them are independent.t

For » = 1, 2, 3 the principal minors are all independent and for » = 4
the relations between them have been quite extensively studied.f For
n>>4 little has been published either as to which minors constitute an
independent set or as to the relations between the minors.

It is one of the purposes of this paper to determine several different
types of complete sets of independent principal minors of the general
determinant of the nth order and to show how the elements of the determinant
may be expressed in terms of the minors of an independent set.

If we have a second determinant of the nth order with elements
independent of the elements of the first determinant, there is a definite
set of determinants obtained by replacing one or more columns of the first
determinant by the corresponding column or columns of the second deter-
minant. The set of principal minors of all such determinants is greatly
enlarged over the set from the single determinant. It is the second purpose
of this paper to determine several types of complete sets of independent
principal minors of this enlarged set. There is also determined in this
paper a complete set of independent principal minors of the determinants
obtained when the above process is extended by adjoining to the original
determinant more than one determinant of the xth order with independent
elements.

® Presented to- the Society, April 14, 1922, and December 1, 1923.

T See MacMahon, Philosophical Transactions of the Royal Society of
London, vol. 185, pp. 111-160; Muir, Phil~sophical Magazine and Journal
of Science, ser.5, vol. 38, pp. 537-541.

t See, e.g., MacMahon, loc. cit.; Nansen, Philosophical Magazine and Journal
of Science, ser.5, vol. 44, pp. 362-67; Muir, Transactions of the RoyalSociety
of Edinburgh, vol. 39, pp. 323-339.
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PRINCIPAL MINORS OF DETERMINANTS 357

It is the third purpose of this paper to prove the independence of certain
sums of principal minors. In the fourth section of the paper the independence
of these sums is used to determine the possibility of expressing polynomials
as determinants with linear elements.

1
Let A represent a determinant of the nth order in which the element
in row ¢ and column j is denoted by a;. Furthermore, let (Aximn-..) denote
the principal minor obtained by striking out in A all columns and rows
except those numbered %, [, m, n,-.-. Thus,*
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It has been shown by Muirt that the values of the principal minors of
a determinant A4 with general elements a; are not affected if certain sets
of n—1 of the elements are put equal to unity. For instance, if we
divide the elements of the second column by a,s, of the third column by ays,
of the fourth column by a,,, and so forth, and also multiply the elements
of the second row by a5, of the third row by a5, of the fourth row
by a4, and so forth, there is no effect either upon the values of the
principal minors or upon the independence of the individual elements,
except that a;; = 1(j = 2, 3,.--,n). The fact that there are only
n*—mn -+ 1 independent elements remaining is Muir’s proof that there cannot
be more than n»2—mn -+ 1 independent principal minors.

It may be shown similarly that there is no loss of generality in assuming
aj =1 (41 =7) in place of ay; = 1.

THEOREM 1. The minors
(1) (Al)y (At:i)y (Alij) (2r.7= 1)27"”n;i<j)

constitute a total of n*— n-+ 1 independent principal minors.

We shall prove this theorem by showing that the functional matrix of
these minors with respect to the elements a; contains a non-vanishing
determinant of order n®—n-+1. In order to simplify the process we
shall assume that a;; =1 (j = 2, 3,.--,n) and also that, after the partial
derivatives with respect to the remaining a; have been formed, the elements
ai (2 >7 > 1) are all put equal to zero. Then all 9(4;)/9 am =0 except

*We shall assume throughout this paper that the subscripts in the symbols for principal
minors have been arranged in order of ascending magnitude.

+ Muir, Philosophical Magazine and Journal of Science, ser.5, vol. 38,
pp. 537-5641.
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that 8 (4;)/0ais = 1; all 3 (A4y)/0am = 0 (1 <m,mF1) except that
0 (4g)/ o ajy = —ay; all 9 (Aiy)/dam = 0(1 < m <<1l) except that
8 (414)/9 a5 = ajz. Under these conditions there is in the functional
matrix a determinant of order n*— »n -1 which may be expressed as the
" product of the three determinants

a[(Al)’ (Aﬁ)y"‘7(Aﬂ)]
@ [ a1, @s2, +-+) Gun ]’

0 [(Ats)’ (Als): ] (Aln); (A83)> (A“), ) (A2n)) ) (An—l,”)]
8[ Qzy, Qg1 **-, Qani, Asg, Qazy =y An2y, *°°, am,n—l]’

2 [(Aus); (A124)) ) (A12n)7 (Als«i), (A185)7 ) (Alﬁn)y ) (Al,'n—l,n)]
o[ ass, @y, .-+, O2n, Qsa, g5, -+, Gsn, -+, Gn-im ]

®3)

4)

These determinants are all different from zero since in each of them the
elements of the principal diagonal are different from zero and all other
elements are equal to zero. The minors (1) are therefore independent.

The explicit expressions for 4 and for the principal minors of 4 in terms
of the minors (1) are obtained by expressing the elements of A in terms
of the minors (1). Under the condition that a;; =1 (j > 1), we have

(4i) = au,
®) (4y)) = au a;j— aj1,
(4y) = asaj—agap (2>1),
(Aiy) = an Ag— aa @+ ajp ag+ . aji— ap i,
whence
ai = (4:),
©6) ajp = (41) (4;) - (4yj),

aj @i = (4s) (4j) — (4y) (>1), i
@1 a5+ i @ = (dig) — (A1) (4g) +2 (A1) (43) (4) — (4)) (A1) — (4) (4).

The expressions for all the elements of 4 in terms of (4:), (4y), (Aiy)
follow immediately from these equations.*

Another complete set of independent principal minors of 4 is obtained
if the minors (Ay;) of the set (1) are replaced by the minors (Asg), (Aizs)),

* MacMahon, (Philosophical Transactions of the Royal Society of London,
vol. 185, p. 147) states that it is impossible to express a determinant of odd order in terms
of its principal minors. By the above process this statement is shown to be incorrect.
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(Ai284), -+, (Aiss...n), where j in each case takes all the values up to n
which are greater than the subscript immediately preceding it. The functional
matrix will again be used in proving the independence of this set of n*—n-+1
principal minors. If we assume as before that a;; =1 (j =2,3,---, n)
and that a; (¢ >>j > 1) are put equal to zero after the partial derivatives
are formed, the matrix contains a determinant of order n®*—mx -+ 1 which
consists of the product of the determinants (2) and (3) and the determinant

0 [(A12s), (A124), - - -, (Auzn), (A1284), (Arzss), - -5 (A1zsn), - - -, (A19s...n)]
a[ azs, G24, <<+, Q2n, Qdg4, a5, sy Qsn, vy Qn-1,n ] '

Q)

Under the above conditions

1 1 e 1 1
Qg2 Qg --- Q24i-1 A2;
i(_{lu)_ = ta;|0 ass --- asi—1 ag; 0 (1<i<y)
0 ajj
0 0 --v ai161 @1
and
a (A12. . .1") —

. 0 (m <lym>diorl>j).
Consequently, in the determinant (7) all elements above the principal diagonal
are equal to zero and all elements of the principal diagonal are different
from zero. We thus have

THEOREM II. The minors

(8) (4:), (4y), (Aig), (Aizy), ---, (Awzs...n)

Jorm a complete set of independent principal minors of the gemeral deter-
minant A.

It is easily verified that the process of obtaining the expressions for the
elements of A in terms of this second set of principal minors involves
merely the successive solution of sets of two equations, one of which is
linear and the other quadratic. However, the pairs of equations to be
solved are not so easily written as before, since each pair has a different
form from those which precede it.

Still another set of independent principal minors is obtained if the
3(n—1) (n—2) minors (4yy) of the set (1) are replaced by the minors
(4iss), (Assa), (Asas), -+, (A1ssa), (Assas), -+ -, (Aiss...n). In order to
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prove them independent, let us assume that a; = 1 (¢ +1 = j5), instead
of a;; = 1, and that a;;(s >j-+ 1) are put equal to zero after the partial
derivatives in the functional matrix are formed. Under these conditions
the matrix contains a determinant of order n® —#n -+ 1 which consists of
the product of two non-vanishing determinants of the same form as (2)
and (3) and the determinant

0[(As2s), (Aosa), -+, (An—s,n—1,n), (A1284), (A2s45), -+ +, (A12s...n)]
o[ as, o4y +-+, An—2,my M4, Qgsy +++, I

(9)

The latter determinant obviously has all elements of the principal
diagonal different from zero and all elements above the principal diagonal
equal to zero. We thus have

THEOREM III. The minors

(10) (Ai)7 (Av)7 (Ai.i+1,i+2,--~,i+r) (’7‘ = 27 3’ e, N 1; i—i—?‘ é n)

Jorm a complete set of independent principal minors of the general deter-
minant A.

In order to express the elements of 4 in terms of the minors (10) it is
again necessary to solve rather complicated pairs of equations, each pair
consisting of a linear and a quadratic equation.

I

Let B denote a second determinant of the nmth order with elements b;.
A series of determinants of the nth order may be obtained by replacing
one or more columns of 4 by the corresponding column or columns of B.
Each of these new determinants gives a set of 2»—1 principal minors.

Let us indicate by (Agx... Brst...) the principal minor which belongs to the
above set and which contains elements from columns z, j, k,--- (2 <<j < k--.)
of the determinant 4 and from columns »,s, ¢, --- (r <s < ¢...) of the
determinant B. It is evident that the numbers ¢, j, k,--., 7, s, ¢, --- must
all be different.

Just as in the previous case, we can make n—1 of the elements, say
aj(j=2,8,.--,m) or a;(¢+1=y), equal to unity without affecting
the values of the principal minors. It follows that there are not more
than 2n®—mn -1 independent principal minors.

THEOREM 1V. The minors

(11) (4s), (Bi), (4w), (41 By), (Bu), (41y), (i Bj), (41 By), (Byy)
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Jorm a complete set of independent principal minors of the determinanis
obtained by combining A and B.

In order to prove the set (11) independent let us first observe that an
element aum, bim (I F m) can occur only in minors having a subscript equal
to [ and another subscript equal to m. It follows that the functional
matrix of the set (11) contains a determinant of order 2n*—mn-+1 con-
sisting of the product of the determinants

(12) 3[(A1), (AS)y T (An)] 8[(Bl)) (Bs)’ T (Bn)]
6[all} a227 M) arm] ! a[bu, b227 M) bnn]’

and of determinants of the forms

0[(41), (41 B:), (Bu)]  8[(4iy), (4uiBy), (41 By), (Buy)] gy

(13) o @, by, ba ]’ o[ ay, an, by, bii ] (1<i<))-
The determinants (12) are already known to be different from zero. If,
after forming the determinants (13), we put a; =0 (: >3 > 1) and
bj = 0(¢ >7), it is immediately evident that each of them is equal to
the product of the elements in its principal diagonal, all of which are
different from zero.

By analogous processes we may prove

THEOREM V. The set of principal minors

(AJ)7 (B.i)) (Al.i)y (AlBj)) (Blj)’
(14)

(Ai,2,8,,i-1,45), (A1,2,8-.i-1,6 Bj), (A1,28,..,im1.By), (Aa,s,... i1 Buyj)

(i =2),
and the set

(15) (4)), (By), (4jj+1), (4 Bj1), (Bjj), (Aista,...itr),

(4s,41,-..,i4r—1Bitr), (Aijita,...,itr—2Bitr1,itr), (i1, itr—2 Bijitr—1,itr)
(r=2,8--,n—1;i+r<n)

each form a complete set of independent principal minors of the determinants
obtained by combining A and B. '

It should be noted that the sets (11), (14) and (15) are obtained
from the sets (1), (8) and (10), respectively, by adjoining to each set
the minors obtained by replacing in the determinants of the set the elements
of the last column, the elements of the last two columns, and the elements
of the first column and the last two columns, by the corresponding elements
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by, except that only a part of the minors of the second order thus obtained
are used.
The »? minors

(16) (Bi)r (AiBj): (-Bil') (27.7 = 1) 2""_7 n; 1<J)

when arranged in the above order each contain an element b; not in the
minors which precede it and not in the minors of A. We thus have

THEOREM VI. The minors (16) together with any complete and independent
set of principal minors of A form a complete set of independent principal
minors of the determinants formed by combining A and B.

The process of expressing the elements a; and b; in terms of the minors
of any one of the above independent sets involves the simultaneous solution
of linear and quadratic equations. The process can be carried out quite
easily for the set composed of the minors (16) and (4;), (4y), (4iy).

The above process of forming determinants by combining two deter-
minants 4 and B may be extended by combining % determinants 4, B,
C, D,... of the nth order. Select for the first column of the new
determinant the first column of one of the % determinants, for the second
column the second column of one of the % determinants, and so forth.
The principal minors of all such determinants of the nth order will now be
considered for the purpose of determining a complete and independent set.

The symbol (Ajjk... Byst... Cuvwo... ) Will be used to indicate the principal
minor containing elements from columns <, j, %k,--- of A, from columns
r, 8, t,--- of B, from columns u, v, w,--- of C, and so forth.

Since n—1 of the kn? elements may again be assumed equal to unity,
there cannot be more than %kn?*—mn-}+1 independent principal minors
obtained from the whole set of combined determinants.

Among the minors of the set (11) there is a group in which elements
of B appear in the last column only and another group in which elements
of B appear in the last two columns only. If in each of the minors of
the first group the elements of the last column are replaced by the
corresponding elements of C, D, .-, successively, and if in each of the
minors of the second group the elements of the next to the last column
are replaced by the corresponding elements of C, D, ---, successively, we
have, for each determinant C, D,..-, »?> new principal minors. That
each minor thus found is independent of the others and of the minors of
the set (11) is evident from the fact that, with the proper arrangement,
each of them contains an element c;, dy,--- not in any of the preceding
minors. Moreover, since the number of independent principal minors thus
obtained is kn?—mn - 1, the set is complete.
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By exactly the same process we can obtain complete sets of minors for
the enlarged system from either (14) or (16). The set (15) yields a
complete set for 4, B, C, D, ... if the elements of the last column of
the minors which contain a single column of elements from B and the
elements of the first column of the minors which contain two columns of
elements from B are replaced by the corresponding elements of C, D, ...,
successively.

The minors to be added to any one of the sets (11), (14), (15), (16)
may take many other forms, but the above systems are especially simple
because the elements of C, D, -.. appear only linearly. The fact that
all elements of 4, B, C, D, .- can be expressed in terms of the principal
minors follows immediately from the fact that the elements of C, D, ..
appear linearly and from the fact that we have been able previously to
express the elements of A and B in terms of principal minors.

III

Let us denote by I, the sum of all the principal minors of order &« of
the determinant A of order m. That the » sums thus obtained are
independent becomes evident if we put a; = 0 (¢ F j) and observe that
the sums Iy (e = 1, 2,..., ) are then simply the = elementary
symmetric functions of as (: = 1, 2,.-., n).

In the previous section we obtained new determinants of the nth order
by combining the determinants 4, B, C, D,.... We shall now study
the sums Z,4,... of the principal minors of these new determinants, where
I,p,... denotes the sum of all such principal minors containing « columns
from A, 8 columns from B, y columns from C, and so forth.

We shall first find a superior limit to the number of independent sums
I,p,... obtained by the combination of two or more determinants. For
this purpose let us observe that 7,4,... may be obtained from 4 by successive
applications of two different types of differential operators. The first type
is of the form
T 9
Da = i§1 daii

If the kth successive application is denoted by k!D:f, we have
Did = Iy, DA =1Ins, ---, DA = L.

The second type is of the form

n n
Duy = 2 2 b

i=1j=1 aay

26
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If the Ith successive application is denoted by l!D(lzb, we have
Dy Ik = Ini1,1, Daslnr = In-n—2, -+, Dl = In-k—t1.

The operator

n n
=i§2€“ 2by’

j=1

which is of the second type, applied successively gives
Dy In-kit,y = Ink—t111, -+ Doelpk-1y = In-ktt-mm

Thus the sum I,g,... may be obtained from A by first operating with D,
successively n — (¢ + 8+ y-+---) times, by then operating with Dy
successively 8-+ y---- times, by then operating with Ds. successively
v+ --. times, and so forth.

We shall next show that all I,s,... are solutions of the system of differ-
ential equations

n

A1) Reo() = 2 (ow 2L — Lt B —va ) =0

QAks

(""s=1’2:“'7n)'

The determinant I, = A is evidently a solution of every equation of (17).
It is easy to see that the relation

=0

Rys(DaA) — Da(Rrs 4) = — (f’A BA)

0 Qs 0 Qys

is true, since terms containing the second derivatives vanish. But R,s(4)=0,
whence it follows that R,s(D; A) = Rys (Iy—1) = 0. Therefore, I, is
a solution of the system (17) and by induction it follows at once that all
I, are solutions of (17).

Let us repeat the above process with the operator D,; instead of D,.
We have

n

R,s (Dab Ia) — Dg (Rrs Ia 2 [( 2 I“ — ba :(II:I:)

o L oL\ _
(v o —tgan] = ©-

Since Rys(Iz) = 0, we have Ry,s(Dg I:) = 0. It follows that I is
a solution of (17) and by induction it is again easily shown that all 1.,
are solutions.
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A continuation of the above process shows that all I,4,... are solutions
of (17).

The one relation >*_, Ry (f) = O between the equations (17) is obvious.
That the remaining »*—1 equations are independent for two or more sets
of elements ajj, by, ¢, --- is easily seen by writing out the matrix of the
equation and putting ax — 0 (¢ § k) in this matrix.

The system (17) thus involves kn* variables, where % is the number of
the determinants 4, B, C, - - -, and contains n*—1 independent equations for
k>1. It follows that for £ >>1 there cannot be more than kn®— (n*—1)
independent sums Ig,....

It is interesting to observe that for ¥ = 2 and » > 2 the number
3 (n*+3n) of sums I,z is less than the superior limit n®+4 1 fixed by the
system of differential equations. As a matter of fact, there are § (n*—3n-}2)
other independent solutions of equations (17) in this case.*

We shall now prove

THEOREM VII. The sums

(18) Iaﬂr (“;32071’27"'7”;7:0) 1)2)3)

Jorm a complete and independent system for k= 3.

It is evident that there are » sums of the type I, and 3 n(n-+1) of
the type L3 (8=1,2,..-,n). Consequently, there are §n (n+1) of the
type Lop,, 3 n(n+1)—mn of the type Lp,, 3n(n+1)—(2n—1) of
the type I,g,. These minors make a total of 2n®+1.

Let us now put a; = 0 (¢ +7) and investigate the resulting functional
matrix of the sums (18) with respect to au, by, ¢c;j. There exists in this
matrix a determinant of maximum order which consists of the product of
the determinants

olL, L, -+, In]  0[Loy, Ly, -+, In—1,1]  0[Loor, Lrony =+~ In—1.0,1]

19
(19) 3[“11,‘122;"',%1»]’ 0[b11, besy -y ban 1’ 8[crn, Casy -+, cam 1’

and of a determinant F' consisting of the functional determinant of all the
remaining sums of (18) with respect to all the elements b;, c; (¢  7) except
biit1(¢=1,2,...,n—1). The three determinants (19) are different from
zero since each is equal to the functional determinant of the » symmetric
functions of a4, @3, -+, Gun.

We shall prove that F is different from zero by showing that the
coefficient of the highest power of an, which occurs in F' is different from

* Of. Stouffer, Proceedings of the London Mathematical Society, ser. 2,
vol. 15, p. 222.

26*
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zero. This coefficient is the product of the determinant which corresponds
to F when the order of 4 is n—1 and the functional determinant

8[-l’()Z’ IOll) I0027 I08, I021, I012y 1003) ) IO”) IO,n—l,l, IO,n—2.2, Io,h—8,8]
0 [bn,n—-I, Cn,n—1, ('m—l,n, bn,n—-—z, Cn,n—2, bn—2,n, Cn—2,my "y bnl; Cn1, bln, Cln]

(20)

After forming the partial derivatives in (20) let us put all bx(: F k)
and cx (¢ ¥ k) equal to zero except i1 (z=1,2, ..., n—1),
bitr,i(¢=1,2, --., n—38), and ¢i41,:(¢ = 1,2, ..., n—1). A partial
derivative of Iz, with respect to bar, brn, cnr Or ¢n is then zero unless
at least one of the determinants in 5, contains elements from the rth row
and column and also from all rows and columns of higher number. It
follows that (20) becomes the product of the determinants

@1) 0 [Lo,n—rt1, Lo,n—r,1, Jo,n—r—-1,2, Lo,n—r—2.38] (
8[ bm', Cnr,y brny Crn ]

r=12...,n—2)

and the determinant

©@2) ol Iz, Tou, Ioe2 ]

a[bn,n—h Cn,n—1, cn——l,n] )

Each of the determinants (21) and (22) is different from zero since, under
the above conditions upon b; and ¢;, each is the product of the elements
of its principal diagonal, all of which are different from zero. Thus F does
not vanish when the order of 4 is n, provided it does not vanish when
the order of 4is »— 1. But it is easily verified that F' is different from
zero for n = 3. Hence, by induction the sums (18) are proved to be
independent. Since the set (18) contains the maximum number of independent
sums, it is a complete system.

The nature of the determinants (19) and the fact that (20) reduces to the
product of the elements of its principal diagonal prove the independence of
the sums (18) and

(23) Iaﬂod‘e---r Iaou’e---’ Iaﬂzdeu- (6+€ += 1);

for k =4, 5, ---, and any n, provided that they are independent for » = 3.
This latter fact is easily verified.

Since the set (23) contains »® sums for 6 = 1, n® sums for e =1, and
so forth, we have proved

THEOREM VIII. The sums

(24) Iaﬂyr Iaﬂode--.; Iamde...y Iaﬂzde.-- ()’ = 0, 1,2, 3; d—l—e—l— cee = 1)

Jorm a complete and independent system for amy number k of combined
determinants of any order n.
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v

Dickson* has determined the types of general homogeneous polynomials
which are expressible as determinants with linear elements. We shall now
show that his main results follow very easily from our knowledge of the
independence of sums of principal minors of determinants.

Let f(, s, - -+, 2x) represent a general homogeneous polynomial of
degree n in k variables. We assume that the coefficient of the nth power
of one of the variables, say ax;, is unity. There is no loss of generality
here since the coefficient can always be made unity by a linear trans-
formation. If it is possible to express f as a determinant with linear
elements, a combination of rows and columns will always bring that deter-
minant to the form

21 +ay 25+ by s+ -+ LAPE S S OTY 2% STTRREE A2 +binast -
@5) g1 T3+ bgy X+ -+ 21+ Bag Xy t-bes s+ -o+ - A3n 23+ bgnas+ -
s T3+ bnyg =+ Ans%s—+bnsg+ -+ -+ 21+ @nnZs+bans + -+

The expansion ,of (25) gives a polynomial in which each coefficient
after the first is one of the sums I,p,... and, conversely, each sum
Logy... (e, B,7,---=0,1,2,...,n) appears as a coefficient, the number
of subscripts in Zg,... being k—1. Since this polynomial must be exactly.f,
we have a proof of

THEOREM IX. A general polynomial of degree m in k variables cannot be
expressed as a determinant with linear elements if it has in addition to a7}
more than (k—2)n*+1 terms if k>3 or more than }(n®+3n) terms
if k= 3.

This is Dickson’s first theorem except that he included the case k = 3
in the general theorem. For k = 3 the limit is 4 (n® 4 3n) which for n > 2
is smaller than n*- 1, the limit for X = 3 in the general theorem.

THEOREM X. Any determinant of order m whose elements are linear homo-
geneous functions of x, xs, -+, xx can be expressed in a canonical form
tnwvolving not more than (k—2) n®*+ 2 parameters for k > 3 and not more
than §(n*+3n)+ 1 parameters for k = 3.

This is Dickson’s generalization of his first theorem except for the
case k = 3. Its proof follows immediately from the maximum number of
independent sums which appear as the coefficients in the expansion of the
determinant. The additional parameter arises from the fact that the

* These Transactions, vol. 22 (1921), pp. 167-179.
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coefficient of z7 was assumed to be unity in the expansion of (25). If the
expansion of the determinant does not contain the mth power of one of the
variables, a linear transformation, independent of the coefficients of the form,
will introduce such an nth power. The above proof then applies. The
inverse of the linear transformation will restore the determinant to its original
form without increasing the number of parameters.

Our knowledge concerning the particular sums Z,g,... which are independent
gives immediately a limitation as to the forms which we may hope to express
as determinants with linear elements. Forn =2 or 3, the coefficients Z,4,...
are not all independent for k > 4. For n > 3 they are not all independent
for k-:>> 3. Thus, we have

THEOREM XI. Unless k = 2 or 3, n any integer, or k =4, n = 2, 3, the
general form is mot expressible in determinantal form.

This is Dickson’s second theorem.

Within the limitations just stated there is a one-to-one correspondence
between the independent coefficients I,4,... of the expanded form of (25)
and the coefficients of the general form. Consequently, we have

THEOREM XII. In the field of all complex numbers the general bimary
Jorm, the general ternary form, the general quaternary quadratic form, and
the genmeral quatermary cubic form can be expressed in determinantal form.

This is Dickson’s fifth theorem, except that Dickson shows that the
theorem is true for every binary form, every ternary form, and every
quaternary quadratic form, regardless of the generality of the form.

The fact that the genmeral quaternary cubic form can be expressed in
determinantal form with linear elements leads at once to a theorem proved
by H. Schréter* and also by Cremona;t

THEOREM XTII. A sufficiently general cubic surface can be generated by
three projective bundles of planes.

For the determinantal form of the cubic equation says at once that
there exist three parameters 4, u, » such that the three equations

AMu+pla+vls = 0 (t=1,2,3)

are satisfied by the coordinates of all points of the surface, where /; are
expressions linear in x;, xs, xs, 4.

*Journal fiir Mathematik, vol. 62 (1863), p. 265.
+ Ibid., vol. 68 (1868), p. 79.
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